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Abstract 

Understanding quantum theory in terms of a geometric picture sounds 
great. There are different approaches to this idea. Here we shall 



present a geometric picture of quantum theory using the de-Broglie- 
Bohm causal interpretation of quantum mechanics. We shall show that 
it is possible to understand the key character of de-Broglie-Bohm the- 
ory, the quantum potential, as the conformal degree of freedom of the 
space-time metric. In this way, gravity should give the causal struc- 
ture of the space-time, while quantum phenomena determines the scale. 
Some toy models in terms of tensor and scalar-tensor theories will be 
presented. Then a few essential physical aspects of the idea including 
the effect on the black holes, the initial Big-Bang singularity and non 
locality are investigated. We shall formulate a quantum equivalence 
principle according to which gravitational effects can be removed by 
going to a freely falling frame while quantum effects can be eliminated 
by choosing an appropriate scale. And we shall see that the best frame- 
work for both quantum and gravity is Weyl geometry. Then we shall 
show how one can get the de-Broglie-Bohm quantum theory out of a 
Weyl covariant theory. Extension to the case of many particle systems 
and spinning particles is discussed at the end. 
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1 Introduction and survey 

In this century, physicists have been departed from 19th century physics, in 
two ways. The first was the generahzation and bringing the old idea of frame 
independence or general covariance, in a manifest form. The result of this 
effort was the pioneer general relativity theory, in which the gravitational 
effects of matter are identified with the geometry of the space-time. The 
enigmatic character of this theory is just the above-mentioned property, i.e. 
the interconnection of gravity and general covariance. When one tries to make 
a general covariant theory, one is forced to include gravity. 

The main root of this interconnection is the equivalence principle. Ac- 
cording to the equivalance principle, it is possible to go to a frame in which 
gravity is locally absent, and thus the special theory of relativity is applicable 
locally. Now using the general covariance and writing down anything in a 
general frame, we will get the general relativity theory [J. 

The second was the investigation of the quantal behavior of matter, that 
leads to the quantum theory, according to which a great revolution appeared 
in physics. In order to explain the atomic world, the quantum theory threw 
out two essensial classical concepts, the principle of causality and the dogma 
of formulation of physics in terms of motion in space-time (motion dogma). 
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The first one is violated during a measurement process, while the second does 
not exist at any time. 

After the appearance of quantum mechanics, it was proven that not only 
do the ordinary particles show quantal behavior but mediators of the funda- 
mental forces also do so. In this way quantum electrodynamics, quantum chro- 
modynamics and quantum flavor dynamics were born. But the construction 
of quantum gravitodynamics or quantum gravity, and its application to cos- 
mology, is considerably very problematic [21 • These difficulties may be mainly 
divided into two categories. Some of them are related to the conceptual prob- 
lems of the standard quantum mechanics, while others are specific to gravity, 
and are in fact related to the classical features of gravity theory. The first cate- 
gory includes the measurement problem and the meaning of the wave function 
of the universe, while the vanishing of the hamiltonian which leads to the time 
independence of the wave function and nonrenormalizability, belong to the 
second category. 

From a fundamental physical viewpoint, in contrast to the general theory 
of relativity which is the best theory for gravity, standard quantum mechanics 
is not the only satisfactory way of understanding the quantal behavior of 
matter. One of the best theories explaining the quantal behavior of matter but 
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remaining faithful to the principle of causality and the motion dogma, is the de 
Broglie-Bohm quantum theory. [3^ According to this theory, all the enigmatic 
quantal behavior of the matter results from a self- interaction of the particle. 
In fact, any particle which exerts a quantum force on itself can be expressed 
in terms of a quantum potential and which is derived from the particle wave 
function. 

The celebrated property of the de Broglie-Bohm quantum theory is the fol- 
lowing property. At anytime, even when a measurement is done, the particle is 
on the trajectory given by Newton's law of motion, including the quantum force. 
During a measurement, the system is in fact a many-body system (including 
the particle itself, the probe particle, and the registrating system particles). 
When one writes down the appropriate equation of motion of all the particles,^ 
and when one considers the very fact that we know nothing about the initial 
conditions of the registerating system particles, one sees how the projection 
postulate of quantum mechanics came about Accordingly the result of any 
measurement is one of the eigenvalues of the operator related to the measured 
quantity with some calculable probability distribution. The de- Broglie-Bohm 

quantum theory of motion, is a causal theory which although behaves as the 
^ There is a consistent de Broglie-Bohm quantum theory for a many particle system 
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Copenhagen quantum mechanics at the statistical level, it has non of the con- 
ceptual difficulties of the standard quantum mechanics. It is well proved that 
the causal theory reproduces all the results of the orthodox quantum theory jS], 
as well as predicting some new results (such as time of tunneling through a 
barrier^) which in principle lets the experiment to choose between the or- 
thodox and the causal quantum theories. Perhaps the most important point 
about the causal theory is that it presents a causal deterministic description 
of the reality. So it looks very natural to make a quantum theory of gravity in 
the spirit of the de-Broglie-Bohm quantum theory of motion. In the standard 
form of this theory, the classical gravity should be viewed as a field. Then it is 
possible to construct Bohmian metric trajectories . This is what is essentially 
done in 

A way of struggling with quantum gravity is to use the minisuperspace of 
the conformal degree of freedom of the space-time metric jH]. This approach 
has several fruitfull results. It admits non-perturbative calculations, and it is 
very useful for studying quantum cosmology. Because the isotropic and ho- 
mogeneous space-time used in cosmology is conformally fiat. In addition, by 
including the effects of the back-reactions of the quantum variable (i.e. the 
conformal factor) on the background metric, one arrives at some extended form 
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of Einstein's equations. These semi-classical equations lead to non-singular 
cosmo logical solutions and they have the correct classical limit. In this ap- 
proach, by merely quantizing one degree of freedom of the space-time metric, 
and by considering the back-reaction effects, the time independence problem 
is solved. This is achieved because of the extension of Einstein's equations. 
But it must be noted that the physical meaning of the quantum variable, i.e. 
the conformal factor, is not clear in this approach. The non-singularity of the 
results of the above approach rests on the theoremj?] which states that for any 
singular metric , there is some appropriate conformal factor, in such a way 
that conformal metric is non-singular. 

The present work tries to combine the de-Broglie-Bohm quantum theory 
of motion and gravity in a very different way. The foundation of this approach 
is the de-Broglie remark^ that the quantum theory of motion for relativistic 
spinless particles is very similar to the classical theory of motion in a confor- 
mally fiat space-time. The conformal factor is related to the Bohm's quantum 
potential. We shall present a generalization and an appropriate formulation of 
this remark. That is to say, we geometrize Bohmian mechanics according to 
the de-Broglie remark. Then, it can be seen that the effects of gravity on ge- 
ometry and the quantum effects on the geometry of the space-time are highly 
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coupled. In fact there are two contributions to the background metric the 
gravitational quantal effects of matter which constitute the energy-momentum 
tensor. Since in the evaluation of the quantal part the background metric is 
used, the gravitational and quantal contributions to the background metric are 
so highly coupled that no one without the other has any physical significance. 

It must be pointed out here that as aresult the conformal factor is meaning- 
less as the enesemble density goes to zero and the geometry looses its meaning 
at this limit. This is a desired property, because it is in accord with Mach's 
principle, which states that for an empty universe the space-time should be 
meaningless. In subsection fj3. ip p| the authors, as a first step towards the for- 
mulation of the above conclusion, introduced the quantum conformal degree of 
freedom via the method of Lagrange multipliers. In this way there are a set of 
equations of motion describing the background metric, the conformal degree of 
freedom and the particle trajectory. A corollary of this theory is that one can 
always work in a gauge (classic gauge) in which no quantum effect be present 
or in a gauge (quantum gauge) in which the conformal degree of freedom of the 
space-time metric is identified with the quantum effect This, in its turn, leads 
to dramatic departures from the classical prediction, when both the effects of 
gravity and quantum on geometry are considerable, i.e. around those areas of 
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the space-time which are singular according to the classical theory. 

As a different approach in ref ^U] the authors symmetrized the Brans-Dicke 
theory by a conformal transformation. And arrive to a particle interpretation 
suggesting that the quantum aspect of matter can be geometrized. 

In [llj, the conformal transformation was applied only to the space-time 
metric. Other quantities like mass, density and so on were assumed to posses 
no transformation. This is because the above conformal transformation which 
incorporates the quantum effects of matter into a specific conformal factor, is 
in fact a scale transformation. As the conformal transformation is more gen- 
eral than scale transformation which is used in [9j , it seems preferable to make 
a conformal transformation, in which all physical quantities are transformed, 
instead of making only a scale transformation. In reference (TT], it is shown 
that by the conformal transformation the equation of motion would be trans- 
formed to an equation in which there is no quantum effects. As a result, the 
geodesic equation would be changed to the one without the quantum force. 
This means that it is possible to have two identical pictures for investigating 
the quantal effects of matter in the curved space-time background. Accord- 
ing to the first picture, the space-time metric contains only the gravitational 
effects of matter. The quantum effects affect the path of the particles via 
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the quantum force. In the second picture, the space-time metric is related to 
the previous by a conformal factor and contains the gravitational and quantal 
effects of matter. 

This shows that the quantum as well as the gravitational effects of matter 
have geometrical nature. The second picture mentioned above provides a uni- 
fied geometrical framework for understanding the gravitational and quantum 
forces. Accordingly, we call the conformal metric as the physical metric (con- 
taining both gravity and quantum) and the other metric is the background 
metric (including only gravity). 

The above-mentioned theory, PJ has a problem. In this theory, it is assumed 
that one deals with an ensemble of similar particles with density. In Bohm's 
theory, the quantum potential exists for a single particle as well as for an 
ensemble. In the case of a single particle, the interpretation of the quantum 
potential is in terms of an hypothetical ensemble. Note that in the above 
theories, the ensemble is a real one, not an hypothetical one, because, the 
energy-momentum tensor of the ensemble is appeared and has physical effects. 
As we shall show in subsection (|3.2p [T^ , we have solved this problem and the 
theory would work both for a single particle and for an ensemble. 

In subsection ()3.2|) we shall show that it is possible to make a pure tensor 
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theory for quantum gravity. As a result we shall show that the correct quantum 
conformal degree of freedom would be achieved, and that the theory works for 
a particle as well as for a real ensemble of the particle under consideration 
and that it includes the pure quantum gravity effects. We shall do all of 
these by trying to write the quantum potential terms in terms of geometrical 
parameters, not in terms of ensemble properties. 

The important point about both references [H] and ^T] is that in order to 
fix the relation of the conformal degree of freedom of the space-time metric 
and the quantum potential, the method of lagrange multiplier is used and 
in this way they are a little artificial. In subsection ()4.1|) we shall show|13j 
that in the framework of the scalar-tensor theories, it is possible to write an 
action principle, in which both gravitational and quantum contributions to 
the geometry are included and that the conformal degree of freedom of the 
space-time metric is fixed at the level of the equations of motion not needing 
the method of lagrange multiplier. 

Next in subsection ()4.2|) [H] we attend to the double scalar case because in 
some theories such as superstring and Kaluza-Klein, it is more useful jTH]. In 
both of these theories the gravitational interaction includes two other fields in 
addition to the metric field. In string frame(or Jordan frame)one of them is 
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coupled nonminimally to gravity as in the Brans-Dicke theory and the other 
is coupled minimally to gravity, but has a nontrivial coupling with the first 
scalar field. Note that, in these theories one can couple both the scalar fields 
minimally to gravity by a conformal transformation (Einstein frame). As a 
result, the question that the physical interpretation must be presented in which 
frame, is an open problem]^. On the other hand we shall show that using 
two scalar fields, one can relax this preassumption and on the equations of 
motion, the correct form of quantum potential will be achieved. 

In subsections (j5.1|) . (j5.2|) and (j5.3j) some general solutions are obtained, 
using these, the important question that if this quantum gravity theory leads 
to some new results, is investigated. That solusions are used for black holes 
and bigbang in subsections (j5.4|) and (j5.5p |.12j. In subsection (j5.6p [17j we are 
interested in investigating whether this theory has anything to do with the 
cluster formation or clustering of the initial uniform distribution of matter 
in the universe. The problem of cluster formation is an important problem of 
cosmology and there are several ways to tackle with it|^. Here we don't want 
to discuss those theories, and our claim is not that the present work is a good 
one. Here we only state that the duster formation can also be understood in 
this way. It is a further task to decide if this work is in complete agreement 
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with experiment or not. 

A special aspect of the quantum force is that it is highly nonlocal. This 
property, is an experimental matter of fact ^U]- Since the mass field repre- 
sents the conformal degree of freedom of the physical metric, quantum gravity 
is expected to be highly nonlocal. In the subsection ()5.7|) ||20i| this is shown 
explicit ley for a specific problem. 

From a different point of view it has been believed for a long time that the 
long range forces (i.e. electromagnetism and gravity) are different aspects of a 
unique phenomena. So they must be unified. Usually it is proposed that one 
must generalize Einstein's general relativity theory to have a geometrical de- 
scription of electromagnetic fields. This means to change the properties of the 
manifold of general relativity. Using higher dimensional manifolds [21], chang- 
ing the compatibility relation between the metric and the affine connection |22j 
and using a non-symmetric metric are some examples of the attempts to- 
wards this idea. In all the above approaches, the additional degrees of freedom 
correspond to the components of the electromagnetic potential. The second 
idea leads to the Weyl's gauge invariant geometry. Apart from the electromag- 
netic aspects of Weyl geometry, it has some other applications. Some authors 
believe that Weyl geometry is a suitable framework for quantum gravity. E.g. 
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in a series of papers a succesful approach to Weyl quantum gravity and 
conformal sector in quantum gravity is presented. The authors have used an 
effective theory based on integrated conformal anomaly dynamics, in the in- 
frared region. They also have considered a sigma model action which is the 
most general version of a renormalizable theory in four dimmensions. They 
have investigated the phase structure and the infrared properties of confor- 
mal quantum gravity and then extend its results to higher derivative quantum 
gravity. 

Also in ref j2Sl a new quantum theory is proposed on the basis of Weyl 
picture which is purely geometric. The observables are introduced as zero 
Weyl weight quantities. Moreover any weightful field has a Weyl conjugate 
such as complex conjugate of the state vector in quantum mechanics. By 
these dual fields, the probability can be defined. These are the elements of 
a consistent quantum theory which is equivalent to the standard quantum 
mechanics. Moreover it is shown that the quantum measurement and the 
related uncertainty would emerged from Weyl geometry naturally. In this 
theory when the curl of Weyl vector is zero, we arrive at the classical limit. 
By noting the transformation relation of Weyl vector, it is concluded that the 
change of length scale is only a quantum effect. 
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One more approach to geometrize quantum mechanics can be found in j2ni • 
Here a modified Weyl-Dirac theory is used to join the particle aspects of mat- 
ter and Weyl symmetry breaking. This is also a geometrization of quantum 
mechanics. Also one can find the relation of quantum potential, the basic char- 
acter of Bohm's theory, to the fundamental geometric properties, especially to 
the curvature of the space-time using Weyl geometry in [273 . Furthermore in 
[2H1 Sidharth considers the geometrical interpretation of quantum mechanics 
from the point of view of non-commutative non-integrable geometry. 

In the present work we shall look at the conformal invariance at the quan- 
tum level. Does the quantum theory lead us to any characteristic length scale 
and thus break the conformal symmetry? Or conversely the quantum effects 
lead us to a conformal invariant geometry? In section (jUl) we shall discuss these 
questions in the context of the causal quantum theory proposed by Bohm0 
and use our new way of geometrization of quantum mechanics introduced in 
here. We emphasize that what we shall show that our specific geomerization of 
quantum mechanics procedure (based on Bohmian quantum mechanics) can 
be better understood in the Weyl framework. This is different from Weyl 
quantum gravity approaches like those of 

We shall show that the Weyl vector and the quantum effects of matter are 
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connected. We shall see how the conformal symmetry emerges naturally by 
considering quantum effects of matter. Finally in section ((7j) we show that the 
Weyl-Dirac theory is a suitable framwork for identification of the conformal 
degree of freedom of the space-time with the Bohm's quantum mass. 

From a similar perspective, Quiros and et all[29j discuss the space-time 
singularity by the geometrical dual representation in general relativity. On this 
basis they emphasis on the Weyl integrable geometry as a consistent framework 
to describe the gravitational field. 

Finally in section (jH)) we shall investigate possible extension of our results 
in two ways. First analyzing the case of many-particle systems and second, 
inclusion of spin. 

2 The geometric nature of quantum potential 

2.1 Non— relativist ic de-Broglie— Bohm theory 

The de-Broglie-Bohm quantum theory of motion^] is a causal theory which 
although agrees with the Copenhagen quantum mechanics at the statistical 
level, it is able to determine the exact path of a particle. In this way it 
predicts all the physical quantities of a particle, deterministically. This theory 
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does not contain such difficulties as the reduction of the wave function, and so 
on ^ . Therefore, it seems more appropriate that in building a quantum theory 
in the presense of gravity, to use the de-Broglie-Bohm theory rather than the 
Copenhagen quantum mechanics. Because in this case some of the conceptual 
problems of the standard quantum mechanics appear more clearlvpUj. 

Now, we make a glance at the de-Broglie-Bohm quantum theory of motion. 
It contains three postulates The ffist one states that for any particle, there 
is an objectively real field ip{x,t) which in the non-relativistic domain satisfies 
the Schrodinger equation. The second postulate presents the effect of the 
field on the particle. According to this postulate the linear momentum of the 
particle is given by the so-called guidance formula: 

p = V{h X phase of ip) (1) 

One can show that the particle expriences the force 

F = -VQ (2) 

from the field ip, where Q is the quantum potential given by: 

^ 2m \ip\ ^ ^ 

Finally the third postulate states that at the statistical level we have: 

p = ^>=|^|2 (4) 
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where p is the ensemble density of particles. 

A simple way to prove (j2I), is to make the canonical transformation if) = 
y/pexp{iS/h) in the action for the Schrodinger equation. The equations of 
motion of p and 5" would be: 

dp -L ( VS\ ^ 

9S IVSP+V. + g.O (6) 



dt 2m 

in which V is the classical potential and S is the Hamilton-Jacobi function. 
Equation (jSJ is the continuity equation provided ((T)) is satisfied. Under this 
condition the quantum Hamilton-Jacobi equation (jUj) is identical to 0. 

2.2 Relativistic de-Broglie— Bohm theory 

Extension of de-Broglie-Bohm causal theory of quantum phenomena to the 
relativistic case is a problematic matter. Essentially all the problems of the 
Copenhagen relativistic quantum mechanics can in principle be present in the 
de-Broglie-Bohm theory. There are at least three problems with Copenhagen 
relativistic quantum mechanics. They are: 

• The problem of negative energy and space-like current densities for in- 
teger spins. 
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• The problem of defining probability distribution for many-particle sys- 



• The conflict between measurement principle (which states that measure- 
ment is instantaneous) and the Poincare transformations. 

We shall discus about the second problem at the end of this paper. The 
third one is essentially not a problem in de-Broglie-Bohm theory, provided 
the second problem is solved. This is because of the fact that measurement is 
not an instantaneous phenomena in this theory, it is a many-particle situation. 

In a recent paper [HT] we have shown that the first problem is not present 
in de-Broglie-Bohm theory, provided one sets the natural constraint that the 
theory should lead the correct non-relativistic limit. Let us make this point 
clear. Usually one gets a de-Broglie-Bohm version of a Copenhagen theory by 
writing the wave function in its polar form ip = {ipl exp{iS/ K) and decomposing 
the real and imaginary parts of the wave equation. Doing this with the Klein- 
Gordon equation leads to a quantum Hamilton-Jacobi equation: 



tems. 



df,Sd>'S = m^c^{l + Q) 



(7) 



with the quantum potential defined as: 



Q 
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and the continuity equation: 



d,{pd^S) = 



(9) 



The above Hamilton-Jacobi equation ((7j) shows that in the relativistic case 
the quantum potential is essentially the mass square. So one can define the 
quantum mass of a particle as: 



Since the quantum potential can be a negative number, in general the tachyonic 
solutions would emerge. This is essentially related to the first problem noted 
above. Although it can be shown that a non-tachyonic initial condition leads 
to a global (in time) non-tachyonic solutionis,, but the existance of tachyonic 
solutions is a fatal problem. 

It can be shown that the problem is that equation ((7j) is not the correct 
relativistic equation of motion [3T]. A correct relativistic quantum equation 
of motion should not only he poincare invariant but also has the correct non- 
relativistic limit. In [31 we have shown that using these requirements one gets 
the correct equation of motion as: 




(10) 
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with 

M"^ = m^exp (Q) 
this clearly is free from the above mentioned problem. 



(12) 



2.3 de-Broglie— Bohm theory in curved space— time 

The extension to the case of a particle moving in a curved background is not 
very difficult jS]. This can be done through the same way as writing any special 
relativistic relation in a general relativistic form. One should only change the 
ordinary differentiating (9^ with the covariant derivative and change the 
Lorentz metric 1]^^ to the curved metric g^^. 

Therefore the equations of motion for a particle (of spin zero) in a curved 
background are: 



(13) 



g- 



(14) 



where 



rn? exp {Q) 



(15) 



Q 




(16) 
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de-Broglie made the following interesting and fruitfull observation J]: The 
quantum Hamilton- Jacobi equation (fT^ can be written as: 



,„ ^ 2 2 



^'^"V^^V,^ = m'c' (17) 



From this relation it can be concluded that the quantum effects are identical 
with the change of the space-time metric from g^i, to: 

g^v — ^ g^v = —^gf^f (is) 

fit 

which is a conformal transformation. 

Therefore equation (jl7|) can be written as: 

g'^'^Vf^SV^S = m^c^ (19) 

where represents the covariant differentiation with respect to the metric 
Qn^. In this new curved space-time the other equation of motion, i.e. the 
continuity relation should be written as: 

(pV.s) = (20) 

The important conclusion we draw from this argumentation is that the 
presence of the quantum potential is equivalent to a curved space-time with 
its metric being given by il^) . So in fact, we have the geometrization of the 
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quantum aspects of matter. In this way, it seems that there is a dual aspect 
to the role of geometry in physics. The space-time geometry sometimes looks 
like what we call gravity and sometimes looks like what we understand as 
quantal behaviours. Since the equations governing the space-time geometry 
are highly non-linear, the curvature due to the quantum potential may have a 
large influence on the classical contribution to the curvature of the space-time. 
This would be investigated in the following sections. 

The particle trajectory can be derived from the guidance relation and by 
differentiating (jl4j) leading to Newton's equation of motion: 

+ MV^n^u" = (c'^g'"' - u''u')V,M . (21) 

using the above conformal transformation, Eq. ()21|) reduces to the standard 
geodesic equation via the above conformal transformation. 
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3 A tensor model of the idea 



3.1 The case of an ensemble of particles [Qj 

A general relativistic system consisting of gravity and classical matter (rela- 
tivistic particles without quantum effects) is determined by the action: 

Ano-quantum = ^ / d'^X^U + j d^X^^ (^-^V^SV^S - (22) 

where k = SnG and hereafter we chose the units in which c = 1. 

On the other hand as it was seen in the previous section, the de-Broglie 
remark leads to the conclusion that introducing the quantum potential, is 
equivalent to the introduction of a conformal factor = M.'^/m? in the 
metric. So in order to introduce the rather than quantum effects of matter 
into the action (j22p . we make the aforementioned conformal transformation, 
instead of adding the quantum potential term. 

Accordingly, we write our action with quantum effects as: 



(23) 
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where a bar over any quantity means that it corresponds to no-quantum 
regime. Here we used only the first two terms of expansion of equation ()15|) to 
kip things simple. No physical change emerges considering all terms. In the 
above action, A is a Lagrange multiplier which is introduced to identify the 
conformal factor with its Bohmian value. 

Here two problems must be noted. First, in the above action, we use g^^ 
to raise or lower indices and to evaluate the covariant derivatives. Second, the 
physical metric (i.e. the metric containing the quantum effects of matter) is 
g^^ given by ^'^g^^. 

By the variation of the above action with respect to g^^, Q, p, S and A we 
arrive at the following relations as our quantum equations of motion: 

1. The equation of motion for Q: 



nn + enn + —pQ {v^sv^s - 2m'^n'^) + 2k\q = o (24) 



m 



2. The continuity equation for particles: 



[pQ^V'^S) = 



(25) 



3. The equation of motion for particles: 




(26) 
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4. The modified Einstein equations for g^,^: 



1 



m m ^ 











Kh^ - 















(27) 



5. Tlie constraint equation: 



(2^ 



As it is seen, tlie back-reaction effects of the quantum factor on the back- 
ground metric are contained in those highly coupled equations. It may be 
noted that by combining and ()27|1 it is possible to arrive at a more simple 
relation instead of (j2D). If we take the trace of ^Tj\ and use (j21I), we have 
after some mathematical manipulations: 



A 



m 



A 



VP 



(29) 



Before proceeding, some important point about this relation must be noted. 
If one tries to solve it via perturbation method, in terms of the small parameter: 



a 



(30) 
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by writting: 

A = A(°) + aA« + a2A(2) + . . . (31) 



and 



v/p = yp(°) + av^(^) + a2yp(2) + . . . (32) 



one gets: 



A(o) = A« = A(2) = --- = (33) 

So the perturbative solution of is A = which is its trivial solution. 
Therefore, our equations are: 

[pQ^V'^S) = (34) 
V^SVS = m^Q^ (35) 
g,. = -^T^r^ - kT^^^ (36) 
where T/i^^ is the matter energy-momentum tensor and 

and 

n^ = l + a^ (38) 

Note that relation (jH^ is, in fact, the Bohmian equation of motion, and if we 
write it in terms of the physical metric g^y, it reads as Vfj,S'V'^S = m^c^. This 
is what we expect from de-Broglie's conjecture. 
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3.2 The case of a single particle [12] 

In the previous subsection we have assumed that there is a real ensemble of 
the quantum particle. Now the question is what happens for the case of a 
single particle? To investigate this, we first examine how we can translate 
the quantum potential in a complete geometrical manner, i.e. we write it in a 
form that there is no explicit reference to matter parameters. Only after using 
the field equations can one deduce the original form of the quantum potential. 
This has the advantage of allowing our theory to work both for a single particle 
and an ensemble. Next, we write a special field equation as a toy theory and 
extract some of its consequences. 

3.2.1 Geometry of the quantum conformal factor 

Let us first ignore gravity and examine the geometrical properties of the con- 
formal factor given by 



where T is the trace of the energy-momentum tensor^ and is substituted for 

p (as it is true for dust). 

^The absolute value sign is introduced to make the square root always meaningful. 





(39) 
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Evaluating the Einstein's tensor for the above metric, we have: 

= %.e^n^e-^ + 2e-2^9^9,e2^ (40) 

So as an ansatz, we suppose that in the presense of gravitational effects, the 
field equation have some form like: 

7^^. - \ng^, = kT^, + Ag^^e^Ue-^ + 2e-2^V^V.e'^ . (41) 

This equation is written in such a way that in the limit T^y the solution 
dHHl) achieved. 

Making the trace of the above equation one gets 

- 7^ = - 12ns + 24(VS)2 (42) 

which has the iterative solution: 

fi:T = -7^ + 12an ( | + • • • (43) 

leading to 



DJ\r\ aw\n\ 

E = a — ^T==^ — — V— (44) 



up to first order in a. Now we are ready to make a toy model. 
3.2.2 Field equations of a toy quantum gravity 

From the above equation we learn that T can be replaced with TZ in the 
expression for the quantum potential or for the conformal factor of the space- 
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time metric. This replacement is in fact an important improvement, because 
the exphcit reference to ensemble density is removed. This allows the theory 
to work for both a single particle and an ensemble. 

So with a glance at Eq. (j4H) for our toy quantum-gravity theory, we assume 
the following field equations: 



Qfiu ^T^v 'Z'jjiuafi exp 



— $ 

2 . 



exp 



$ 

2 . 



0, 



(45) 



where 



^ ^^/\n\ 



(46) 
(47) 

Note that the number 2 and the minus sign of the second term of the last 
equation are chosen so that the energy equation derived later be correct. It 
would be very useful to take the trace of Eq. (jlSj) : 



71 + kT + 6 exp 



0;$ 



□ exp 



0. 



(4J 



In fact this equation represents the connection of Ricci scalar curvature of 
space-time and the trace of matter energy-momentum tensor. In the cases 
when a perturbative solution is admitted, i.e. when we can expand anything in 
terms of powers of a, one can find the relation between TZ and T perturbatively. 
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In the zeroth approximation one has the classical relation: 



(49) 



As a better approaximation up to first order in a, one gets 



7^(l) = -kT - 6 



exp 



□ exp 



a 



$(0) 



where 



A better result can be obtained in the second order as 



7^(2) 



—kT — 6 exp 



a 



$(0) 



6 exp 



2 

□ exp 



□ exp 



$(1) 



with 



(50) 



(51) 



(52) 



^(1) ^ □Vl - AcT - 6exp[a$(o)/2]^exp[-a$(o)/2]| 
yi - Krexp[Q;$(o)/2]^exp[-Q;$(o)/2]| 

The energy relation can be obtained via taking the four divergence of the 
field equations. Using the fact that the divergence of Einstein's tensor is zero, 



one gets 



kV^'T^, = a7^^.V^$ - — V^(V$)2 + —v^^n^ . 



For a dust with 
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(54) 



(55) 



where is the velocity field. Assuming the conservation law for mass 

(pMu,) = (56) 
up to first order in a one arrives at: 

or 

M"^ = exp(-Q;<l>) , (58) 

where m is some integration constant. This is the correct relation of mass field 
and the quantum potential. 



4 A scalar— tensor model of the idea 

In the last section, the form of the quantum potential and its relation to 
the conformal degree of freedom of the space-time metric are assumed. The 
next step is to remove these assumptions and derive them using the equations 
of motion. In doing this we first include the conformal factor as a scalar 
field and then introduce another scalar field (quantum potential in fact). On 
the equations of motion the correct relation between quantum potential and 
conformal factor and also the form of the quantum potential would emerge. 
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4.1 Making the conformal factor dynamical [13] 

We start from the most general scalar-tensor action: 

A = j d^x^(t)n- ^V^0V^0 + 2A0 + (59) 

in which w is a constant independent of the scalar field, and A is the cosmo- 
logical constant. Also, it is assumed that the matter lagrangian is coupled to 
the scalar field. The equations of motion are: 

7^ + ^00 - ^ V>V^0 + 2A + ^ = (60) 



1 ^,„, 1 , ,, , UJ , 1 UJ 

2 



J, J. J, / O J^z 



(61) 

The scalar curvature can be evaluated from the contracted form of the 
latter equation, and it can be substituted in the relation (jnOJ. Then we have: 

— □^=-- + 2A-^ (62) 

The matter lagrangian for an ensemble of relativistic particles of mass m is 
(without any quantum contribution): 

^m(no-quantum) — Vu^V^S* pTTl (63) 

m 

This lagrangian can be generalized if one assumes that there is some interac- 
tion between the scalar field and the matter field. Here, for simplicity, it is 
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assumed that this interaction is in the form of powers of 0. In order to bring in 
the quantum effects, one needs to add terms containig the quantum potential 
Physical intuition leads us to the fact that it is necessary to assume some in- 
teraction between cosmological constant and matter quantum potential. This 
suggestion will be confirmed after obtaining all of the equations of motion. 
These arguments lead us to consider the matter lagrangian as: 



£^ = ^0'^v^^V„^ - mpcj)^ - A(l + QY (64) 
m 



in which the a, 6, and c constants have to be fixed later. Again we used the first 
two terms of equation (fT3|) for simplicity. Therefore the energy-momentum 
tensor is: 



\l-9 og^,u J 2 m 2 

Using the matter lagrangian and contracting the above tensor, one can calcu- 
late the first and third terms in the relation ()62|1 . The other equations, the 
continuity equation and the quantum Hamilton- Jacobi equation, are expressed 
respectively as: 

W (pr'^^S) = (66) 
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(67) 

To simplify the calculations, with due attention to the equation ()62|1 . one can 
choose cij to be |. Then a perturbative expansion for the scalar field and matter 
distribution density can be used as: 

= 00 + «0i + ■ ■ ■ (68) 

y/p = y/po + ay/pl ■ ■ ■ (69) 
In the zeroth order approaximation, the scalar field equation gives: 

b = a+l; 00 = 1 (70) 

In the first order approaximation one gets: 



«0i = |(i-a)g + |cg (71) 



in which: 

p 

Since the scalar field is the conformal factor of the space-time metric, and 
because of some arguments jHl E] show that this field is a function of matter 
quantum potential, one might choose the constant a equall to zero. Then, the 
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scalar field is independent of Q and we have: 

a0i = |g (73) 
Also the Bohmian equations of motion give: 

y^SVi'S^m'^{l + cQ/2)-Kmc^^^ (74) 

Po 

It is necessary to choose c = 2 in order that the first term on the right hand 
side be the same as the quantum mass M.. These choises for parameters a, h 
and c lead to the non-perturbative quantum gravity equations as follows: 

a 

(j)=l + Q- -DQ (75) 
W^SW.S = - ^(1 + Q) (Q - Q) + ^ f - 2W,Q^^) (76) 

p p \ Vp J 

WnP^^^S) = (77) 

0^ Z 0^ 

(78) 

We conclude this section by pointing out some important hints: 

• It is very interesting that in the framework of the scalar-tensor theories, 
one is able to derive all of the quantum gravity equations of motion 
without using the method of lagrange. 
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• In the suggested quantum gravity theory, the causal structure of the 
space-time (g/j^u) is determined via equation (fTSj) . This shows that ex- 
cept for back-reaction terms of the quantum effects on ^f^i,, the causal 
structure of the space-time is determined by the gravitational effects 
of matter. Quantum effects, determine directly the scale factor of the 
space-time, from the relation (|75|) . 

• It must be noted that the mass field given by the right hand side of the 
relation (|76|) . consists of two parts. The first part which is proportionnal 
to a, is a purely quantum effect, and the second part which is propor- 
tional to aA, is a mixture of the quantum effects and the large scale 
structure introduced via the cosmological constant. 

• In the present theory, the scalar field produces quantum force that ap- 
pears on right hand side and violates the equivalence principle. Simi- 
larly, in Kalutza-Klein theory, the scalar field (dilaton) produces some 
fifth force leading to the violation of the equivalence principle |32j. 
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4.2 Making the quantum potential dynamical [14j 

Using the findings of tlie previous subsection, one can write an appropriate ac- 
tion sucli tliat tlie conformal factor and quantum potential are both dynamical 
fields. In this way, the relation between the conformal factor and quantum po- 
tential, and also the dependence of quantum potential to the ensemble density 
are resulted at the first order of approximation. In this way one deals with 
a scalar-tensor theory with two scalar fields. Thus we start from the most 
general action: 



A= (fx ^ 



(plZ — ijJ — ^— ^— — h 2A0 + Lr, 



(79) 



The cosmological constant generally has an interaction term with the scalar 
field. We prefer to use the matter Lagrangian: 

lira = -^r^^^SWS - mp(f)'' - A(l + QY + «p(e^« - 1) . (80) 
m 

The first three terms of this Lagrangian are the same as those of the previous 
subsection. The last term is chosen in such a way, that satisfies two facts. It 
is necessary to have an interaction between the quantum potential field and 
the ensemble density, to have a relation between them via the equations of 
motion. Furthermore, this interaction is written such that in the classical 
limit, it vanishes. 
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Variation of the above action functional leads to the following equations 
of motion: 

• the scalar field's equation of motion 

7^+^□(/.-^V''0V^0 + 2A 

+ ^VQV^Q + -p^-'^^SV^S - mbpcj)'-' = (81) 



the quantum potential's equation of motion 

□<3_V^_ (82) 



the generalized Einstein's equation 



(p (p (p^ 



^5'''^V"0V«0 + ^V^QV'^Q - ^^'^'^V^QV.Q (83) 



the continuity equation 

V^(p0"V'^5) = (84) 

the quantum Hamilton-Jacobi equation 

V^SV^S = mV^"" - am(j)-%e^'^ - 1) . (85) 
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In Eq. (|81|) . the scalar curvature and the term V'^S'V^S' can be ehminated 
using Eqs. (jH^ and (jHS)). In addition, on using the matter Lagrangian and the 
definition of the energy-momentum tensor, one has 

(2cj - 3)D4> = (a + l)pa(e'3^ - 1) - 2A(1 + QY + 2A0 - -V.QV^Q , (86) 



where the constant b is chosen as a + 1 as in the previous subsection. We 
solve the Eqs. (|H^ and (jHBj) . using perturbative expansion with a as the 
expansion parameter: 

Q = Qo + aQi + • • • , (87) 
= 1 + aQi + ■ • • , (88) 

Vp = VPo + ^VPi + ■ • • ' (89) 

where the conformal factor is chosen to be unity at the zeroth order of per- 
turbation, because in the limit a — > Eq. (jH3j) would lead to the classical 
Hamilton-Jacobi equation. Since by Eq. (jH^ . the quantum mass is given by 
+ other terms, the first order term of is chosen to be Qi as it must be 
so according to the relation of quantum mass (fTHjl . Also we shall show that 
Qi would be equal to O^/p/ ^/p plus some corrections, which is desired as we 
called Q the quantum potential field. 
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At the zeroth order one gets 

□Qo - Ac - Ac(c - l)Qo = 0, 

V^QoV^go = -AcQo 

and at the first order: 

V^QoV^Qi = DQi - giOgo - Ac(c - l)Qi + /Jpoe'^^" 
(2a;-3)ngi = (a + l)po(e^^'' - 1) - 2A(c - IjQi 
- 4V^goV^Qi + 2gi V^Qo V^Qo • 
On using Eqs. (jHOl), (EH) and (jHS), in Eq. one get: 

DQ^ + A{po)Ql + B{po) = 0, 

where 



A{po) = Y^2AUl-c + 2c') + 2clc--]Qo 



Equation can be solved iteratively. At the first iteration: 

~ A 
43 



and at the second and third iteration: 



(2) B 



,,3, _ l„fDB/A\ , 1^/-B\ B 



In order to have the correct dependence of the quantum potential on the 
ensemble density, it is sufficient to set: 

A = h^- B = k2Po (100) 

where ki and /c2 are two constants. This leads to the following expressions for 
the quantum potential up to the third order of iteration: 

,(2) _ h Dy/Po _ k_2 

kj y/p^ k 



Qi = T^^-T^Vp'o, (102) 



^(3) h 1 /□v^\ fcsDv^ k2 



If the ensemble density be not much great, and it be so smooth that its higher 
derivatives be small, the result would be in agreement with the desired relation 
Q = D^/po/ ^/po provided we choose k2 = kf = k. Comparison of relations 
dnSl), dHEI) and (Unni) Ms to 

a = 2uk , 
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2u;fc + 1 
4 



(104) 



Qo 



c(2c - 3) 



1 



2ujk + l 
2A 



A;^-(2c2 



c+ 1) 



The space-time dependence of po can be derived from the relation (jHH). 

We see that the except c and uo, all other constants are fixed. The other 
equations of motion which are not used in the perturbation procedure can be 
used to determine the space-time metric and the Hamilton-Jacobi function. 

We conclude this section by emphasizing on the fact that in our present 
work, the quantum potential is a dynamical field. And, that solving pertur- 
batively the equations of motion, one gets the correct dependence of quantum 
potential upon density plus some corrective terms. 

We stop here and shall investigate some physical results in the next section 
and after that continue our way to construct a theory for geometrization of 
quantum effects in terms of Weyl geometry. 

5 Some results of the idea 

In this section we shall first study some general solutions of field equations 
and then look for some specific cases like black holes and big bang. 
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5.1 Conformally flat solution 

Suppose we search for a solution which is conformally flat, and that the con- 
formal factor is near unity. Such a solution is of the form: 

g^.. = e'^r]^.; S < 1 . (105) 

As a result one can derive the following relations by equation ()41|) : 

T^f.. = V^uDJ: + 2d^d,T. =^ g^, = 2d^dJL - 2r]^,D^ (106) 



In order to solve for S one can use the relation (jloj), and solve it iteratively as 
it is disscussed in the subsubsection (|3.2.2|) . The result is 

7^(o) = -«:T=^S(o) = --n-iT, (107) 

6 

7^W = -kT + 3aD ^ ' =^ = n^^T + 108 

^/\T\ 6 2 ^/\T\ 

and so on. Thus: 

^ z^,-, 1^ a □\/|T| 

, 6 ^ 2 

pure gravity ^ ^ ^ 

pure quantum 

+ higher terms including gravity — quantum interactions , (109) 

where D"^ represents the inverse of the dalambertian operator. Note that the 
solution is in complete agreement with de Broglie-Bohm theory. 
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5.2 Conformally quant ic solution[12] 

As a generalization of the solution found in the previous subsection, suppose 
we set 

g^u = e'^^^. = (1 + 2S)^^,; S < 1 . (110) 
One can evaluate the following relations: 

7^.p = :^.p + ^p. □S + 2(V,VpS + ^,^V„SV"S-V,SVpS) ,(111) 
Gup = - 2^,^ □ S + 2V,VpS . (112) 

On using these relations in field equations (|45p one gets the following solution: 

- - a 

g^, = s = -$ (113) 

provided the energy-momentum tensor be conformally invariant, so under this 
condition we have 

^quantum+gravity = (^l ^ a^)g^^^^''^ (114) 

5.3 Conformally highly quantic solution |12| 

Now we can generalize the result of the previous subsection. Suppose in the 
overlined metric there is no quantum effect, so that Q^^, = k,T^v and we know 
that the quantum effects could bring in via a conformal transformation like 
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Qfiu = ^"^^g^iv Using field equations and the transformation properties of 
tfie Einstein's equation one gets 



- - - - - «2 _ _ 

2 □ S + 2V«SV"S = a □ $ + 2aV«$V"S - y Va$V"$ (115) 
which has the solution 

S = |$. (116) 

In the above solution it is assumed that the energy-momentum tensor is either 
zero or conformally invariant. So, under this condition, no matter how large 
the quantum effects, are the general solution is 



^quantum+gravity _ gO^^gravity (117) 



5.4 Black holes 

Let us now use the above solutions to examine the quantum effects near the 
regions of space-time where the gravitational effects of matter are large. Black 
hole is the first examples we consider. 

For a spherically symmetric black hole we have 

g^r'^ = diag (^1 - r,/r, j^^, -r\ -r' sm' 6^ (118) 

where is the Schwartzchid radius. Using the fact that the Ricci scalar is 
zero for the above metric and the transformation properties of the Ricci scalar 
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under conformal transformations, we have 



(119) 



The above equation is in fact a differential equation for the conformal factor 
and can be solved for different regimes, giving the following solution: 

exp(^) r^O, 



quantum+gravity _ gravity . 



Constant r ^ , 



(120) 



r — > oo . 



The conformal factor is plotted in Fig. (^-a). It can be seen that the above 
conformal factor does not remove the metric singularity at r = 0. 



5.5 Initial singularity [12| 

Big bang singularity is another place where the gravitational effects are large. 
For an isotropic and homogeneous (FRW) universe we have 



^gravity ^ ^^^^ ( 



" 2 2 2 2-2 /) 

; — r, —a r , —a r sm u 

1 — kr^ 



As in the previous subsection we have 



n = e 



a. 



7^ + 3a ( □ $ + -V^^V^^ 



(121) 



(122) 
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Figure 1: (a) Conformal factor for a black hole, (b) The universe scale v.s. 
time. 

As t — > one can solve the above equations approximately 

^quantum+gravity ^ ^gravity ^ ^^23) 

SO the universe scale is given by 

a{t) = a='-^^=(t) exp (^) = v^exp (^) . (124) 

As can be seen easily, the curvature singularity at t = is removed because 
as time goes to zero, the universe scale goes to infinity. The behavior of the 
universe scale is ploted in Fig. (^-b). 
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5.6 Production of inhomogenity [1 7j 

At this end we shall examine the quantum effects on the motion of a fluid of 
matter. As a more practical example we take this fluid to be the cosmolog- 
ical matter fluid in an FRW model. We shall see that the quantum effects 
can produce some inhomogenities and thus produce cluster formation. The 
hydrodynamics equation is given by: 



(125) 

where we have introduced the quantum force in the right hand side just as it is 
introduced in the equation of motion of a single particle (see equation (jH))). It 
must be noted that the metric itself must be calculated from the corrected Ein- 
stein's equations including the back-reaction terms. In fact one must solve the 
above equation and the metric equation simultaneously to obtain the metric 
and the density. We shall not do in this way because solving those equations 
is difficult. We shall do in a similar way. It is an iterative way and is based on 
the fundamental assumption of this theory, that is equation (|18|). As the first 
order of iteration, we consider the space-time metric as given by the classical 
Einstein's equations (Robertson- Walker metric) and solve the above equation 
for the density, then using the result obtained, calculate the quantum metric 
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using equation (fTS|). Then the new metric can be used to obtain the density 
at the second order and so on. 

In the comoving frame and with the assumption that the universe is in the 
dust mode {p = 0) with the flat Robert son- Walker metric, we have from the 
equation (jl25|) : 

"^^^'^ + 3Hp('^ = (126) 



dt 



(127) 



where denotes the first order of iteration and H = d/a is the Bubble's 
parameter. The solution of the above two equations is: 

p(^) = Q(^) = constant (128) 

L 

where X^^^ should yet be determined. The constancy of the quantum potential 
leads to: 

_ (129) 

SO that: 

V'^X^^^ + I3X^^'^ = (130) 



where: 



/3=^^ (131) 
a 



52 



This equation for X^^^ can simply be solved either in the Cartesian coordinates 
or in the spherical ones. The solution is: 

A'(i) = sin (^^x^ sin (Jly^ sin (^^z^ (132) 

or: 

A'(i) = V^^) + blmnl{^/pr)'^ ¥^6, 0) (133) 

l,Tn 

This is the first order approximation. At the second order, one must use the 
equation (fT5|) to change the scale factor to a^(l + Q), and then from the 
relation (I126D we have: 



a' 



[1 + Q)= t2/3;t.(i)-4/3 (^34) 



So that: 

g(2) = _i + (135) 

and then using this form of the quantum potential in the relation ()130|) or 
()132jl leads to the following approximation for the density: 

p«4si„=(A-)s,„^(A)si„=(A) (136) 



where: 



^ = ^ (_1 + xW'^r^) (137) 
a 
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and A'(i) is given by the relation (|132j) . This procedure can be done order by 
order. 

In the figures ^ the density at three times are shown and the clustering 
can be seen easily. These figures are plotted using the solution in the Cartesian 
coordinates. 

In figures (jS)) the (/,m) = (00) mode of equation (jl33|) is shown at three 
time steps. 

In figures (jH) the (11) © (1 — 1) mode is shown at three time steps. 

The second order solution (jl36p is shown in figure El where both large scale 
and small scale structures are shown. 

It is important to note that the clustering can be seen in any of these figures. 
In the last figure, however, one observes that at the large scale the universe 
is homogeneous and isotropic, while at the small scale these symmetries are 
broken. 

At the end, in order to see whether our results are in agreement with the 
observed clustering, the correlation function (^(r)) is obtained from the third 
order of iteration and is compared with the cases ^ = (r/ro)^^ with 7 = 1.8 
and 7 = 3 and with the standard result of a typical P^M codefTH]. As it can 
be seen in figure (jHl) our results are in good agreement with the P^M code and 
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Figure 2: Density at three stages of expansion for Cartesian solution 




Figure 3: Density at three stages of expansion for (00) mode 
with observation. 

Our claim here is not that this theory is a good one for the cluster formation 
problem. But it is only claimed that in the framework of causal quantum 
theory, the quantum force may be a cause for the cluster formation. 
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Figure 5: The second order solution. Note the fine structure at the magnified 
portion. 
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5.7 Non-locality [5U] 

Since the quantum potential in de-Broglie-Bohm theory has a highly non-local 
character [31, it is expected to see non-local behaviour of metric in this the- 
ory. In order to illustrate how nonlocal effects can appear in quantum gravity 
through quantum potential, suppose that matter distribution is localized and 
has spherical symmetry. Then, one has: 

p = p{t-r) (138) 

VL = VL{t;r) (139) 
Suppose, furthermore, that matter is at rest: 

- Vo^ = E{t- r) as r oo (140) 

Vi^ = 0; i = l,2,3 (141) 

One expects that at large r, where there is no matter, the background metric 
would be of the Schwartzschield form. The validity of this approaximation 
will be examined at the end. The equation of motion ()35|) relates E and Vl: 

E = (142) 

a/1 - Ts/r 
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In order to calculate the conformal factor Q, one needs the specific form of p. 
It must be a localized function at r = 0. So we choose it as: 

p{t; r) = exp[-2/?(t)r2] (143) 

Using the relation ()28p . the conformal factor can be simply calculated. This 
leads to: 

= l + a[/jV-/3r2 + 4/?V] 

from which we get: 

~ tt^V as r ^oo (144) 

Now it is a simple task to examine that the continuity equation ()34|) is satisfied 
automatically as r oo. This solution is an acceptable one, only if the 
generalized Einstein's equations ()36|) are satisfied. This is so if ^ as 
r ^ oo. It can be shown that in the limit r — >^ oo we have: 

m2 



fi2 



2{(3/(3Y + 2(3 IP - 20/r (145) 



{^/Pf + (146) 
ViViO^ 



12/r2 (147) 



l'$/r^) (148) 



(]2 

^) =(/3//5)^ (149) 
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= (2/3/r/3) (150) 

So provided that higher time derivatives of the scale factor of matter density 
(/3) are small with respect to its first time derivative, that is: 

^ ~ 0; ^ ~ and so on (151) 

one has: 

lim rf^)*^ = (152) 

Also we have from (j37|) : 

lim T}"^^" = (153) 

r— ►oo 

So at large distances g^i, satisfies Einstein's equations in vaccum, Q^^, = 0. 
Therefore, the solution (jll8p is acceptable. In this way we find a solution to 
the quantum gravity equations at large distances. 

Consequently, if the time variation of f3 is small, the physical metric g^i, = 
Vt^Qf^y is given by: 

lim ~g^y = a(3'^r^giSh^<^rzschieid) ^^^^^ 

r— >oo ^ 

An important points must be noted here. As it was shown, a change in matter 
distribution (due to (3) instantaneosely alters the physical metric. This is 
because of the appearance of /5(t) in equation ()154|) and it comes from the 
quantum potential term. 
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We conclude that the specific form of the quantum potential leads to the 
appearance of nonlocal effects in quantum gravity. 

6 Generalized equivalence principle [33JJ 

After presenting some results of the idea of coding quantum effects in the 
conformal factor of the space-time metric, let us come back to our way of 
constructing a theory of it. One of the new points of the present approach 
for geometrization of quantum effects is the dual role of geometry in physics. 
The gravitational effects determine the causal structure of space-time as long 
as quantum effects give its conformal structure. This does not mean that 
quantum effects have nothing to do with the causal structure, they can act 
on the causal structure through back-reaction terms appearing in the metric 
field equations |14[ IT^ ITT] . We only mean that a dominant role in the causal 
structure belongs to the gravitational effects. The same is true for the confor- 
mal factor. The conformal factor of the metric is a function of the quantum 
potential and the mass of a relativistic particle is a field produced by quantum 
corrections to the classical mass. We have shown that the presence of the 
quantum potential is equivalent to a conformal mapping of the metric. Thus 
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in conformally related frames we feel different quantum masses and different 
curvatures. It is possible to consider two specific frames. One of them contains 
the quantum mass field (appeared in quantum Hamilton- Jacobi equation) and 
the classical metric as while in the other the classical mass (appeared in classi- 
cal Hamilton- Jacobi equation) and the quantum metric are appeared. In other 
frames both the space-time metric and mass field have quantum properties. 
This argument motivates us to state that different conformal frames are iden- 
tical pictures of the gravitational and quantum phenomena. Considering the 
quantum force, the conformally related frames aren't distinguishable. This is 
just what happens when we consider gravity, different coordinate systems are 
equivalent. Since the conformal transformation change the length scale locally, 
we feel different quantum forces in different conformal frames. This is similar 
to general relativity in which general coordinate transformation changes the 
gravitational force at any arbitrary point. Here it may be appropriate to state 
a basic question. Does applying the above correspondence, between quantum 
and gravitational forces, and between the conformal and general coordinate 
transformations, means that the geometrization of quantum effects implies 
conformal invariance just as gravitational effects imply the general coordinate 
invariance? 
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To discuss this question, we recall what has been considered earlier in the 
development of general relativity. The general covariance principle leads to 
the identification of gravitational effects of matter with the geometry of the 
space-time. In general relativity the important fact which supports this iden- 
tification is the equivalence principle. According to it, one can always remove 
the gravitational field at some point by a suitable coordinate transformation. 
Similarly, as we pointed out previously, according to our new approach to 
Bohmian quantum gravity, at any point (or even globally) the quantum ef- 
fects of matter can be removed by a suitable conformal transformation. Thus 
in that point (s) matter behaves classically. In this way we can introduce a 
new equivalence principle calling it the conformal equivalence principle, sim- 
ilar to the standard equivalence principle. The latter interconnects gravity 
and general covariance while the former has the same role about quantum and 
conformal covariance. Both these principles state that there is no preferred 
frame, either coordinate or conformal. Since Weyl geometry welcomes con- 
formal invariance and since it has additional degrees of freedom which can 
be identified with quantum effects, it provides a unified geometric framework 
for understanding the gravitational and quantum forces. In this way a pure 
geometric interpretation of quantum behavior can be built. 
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Due to these results, we believe that the de-Broglie-Bohm theory must 
receive increasing attention in quantum gravity. This theory has some impor- 
tant features. One of them is that the quantum effects appear independent 
of any preferred length scale (opposed to the standard quantum mechanics 
in which the Plank length is a characteristic length). This is one of the in- 
trinsic properties of this theory which results from a special definition of the 
classical limit [21 • Another important aspect is that the quantum mass of the 
particle is a field. This is needed for having conformal invariance, since mass 
has a non-zero Weyl weight. Also, according to the geodesic equation 
the appearance of quantum mass justifies Mach's principle [33] which leads to 
the existence of interrelation between the global properties of the universe 
(space-time structure, the large scale structure of the universe,- • ■) and its lo- 
cal properties (local curvature, motion in a local frame, etc.). In the present 
theory, it can be easily seen that the space-time geometry is determined by the 
distribution of matter. A local variation of matter field distribution changes 
the quantum potential acting on the geometry. Thus the geometry is altered 
globally (in conformity with Mach's principle). In this sense our approach to 
the quantum gravity is highly non-local as it is forced by the nature of the 
quantum potentialj^Ol- What we call geometry is only the gravitational and 
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quantum effects of matter. Without matter the geometry would be meaning- 
less. Moreover in ^3 we have shown that it is necessary to assume an 
interaction term between the cosmological constant (large scale structure) and 
the quantum potential (local phenomena). These properties all justify Mach's 
principle. It is shown in |T31 E] that the gravitational constant is in fact a 
field depending on the matter distribution through quantum potential. 

All these arguments based on Bohmian quantum mechanics convince us 
that Weyl geometry is a suitable framework for geometrization of quantum 
mechanics. 

7 Formulation of the idea in terms of Weyl 

Geometry [331 
7.1 Weyl— Dirac theory 

A straightforward generalization of the Einstein-Hilbert action to Weyl ge- 
ometry leads to a higher order theory [22] • Dirac j^S] introduced a new action, 
called Weyl-Dirac action, by including a new field which is in fact a gauge 
function. It helped him to avoid higher order actions since fixing the gauge 
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function led to Einstein-Maxwell equations. 
The Weyl-Dirac action is given by[ 



A= J d^X^ [F^uF^^ _ + + 6)/5.^/?''^ + Chatter) (155) 

Here F^^ is the curl of the Weyl four-vector 0^, a is an arbitrary constant, and 
/9 is a scalar field of weight —1. The ";" represents covariant derivative under 
general coordinate and conformal transformations (Weyl covariant derivative) 
defined as: 

X^= "^^X-UcP^X (156) 
where M is the Weyl weight of X. The equations of motion will then be: 

P P 

+ l(4V'^/5V'^/5 - (^^'^V^/^V./?) + ^(/3^^/3^^ - ^^^'^^/^^"Aa) (157) 

^^F^'^ = ^a(/5V^ + /^V''/?) + 4717^^ (158) 

7^ = -(a + 6)-^ + - o + ^ (159) 



where: 



M'^'^ = ^ Q^'^^F^^F^^ - (160) 
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and the energy-momentum tensor T'^'^, the current density vector and the 
scalar if) are defined as: 

IQttJ'' = — (162) 

^ = (163) 
On the other hand the equations of motion of matter and the trace of energy- 
momentum tensor can be obtained from the invariance of the action under the 
coordinate and gauge transformations. One can write them as: 

^.T'^^ - = J,r^ - (0^^ + --^) ^„J" (164) 

WttT - 167r ^f,J>' -pi; = Q (165) 

The first relation is only a geometrical identity (the Bianchi identity) , and the 
second shows the mutual dependence of the field equations. 

It must be noted that in the Weyl-Dirac theory, the Weyl vector does 
not couple to spinors, so (p^ cannot be interpretad as the electromagnetic 
potential^36j- Here we use the Weyl vector not as the electromagnetic field 
but only as part of the space-time geometry. The Weyl-Dirac formalism is 
adopted, and we shall see that the auxiliary field (gauge function) in Dirac's 
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action represents the quantum mass field. In addition both the gravitation 
fields {g^u and 0^) and the quantum mass field determine the space-time 
geometry. 



7.2 Weyl— invariant quantum gravity 

In this section we shall construct a theory for Bohmian quantum gravity which 
is conformally invariant in the framework of Weyl geometry. To begin with, 
note that if our model should consider massive particles, the mass must be a 
field. This is because mass has non-zero Weyl weight. This is in agreement 
with Bohm's theory. As we argued previousely a general Weyl invariant action 
is the Weyl-Dirac action, whose equations of motion are derived in the previous 
subsection. To simplify our model, we assume that the matter lagrangian does 
not depends on the Weyl vector, so that = 0. The equations of motion are 
now: 



+ 1(4^^/?^^/? - g^-'V^pVaf^) + ^ip-'^p-'" - ^^''^/?^"Aa) (166) 
7^ = -(a + 6)— ^ + + ^ (168) 
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and the symmetry conditions are: 

^.T^" - r-j- = (169) 

16nT-Pij = (170) 
It must be noted that from equation ()167|) we have: 

+ /^V^/?) = (171) 

so (p^ is not independent of /3. 

It is worthwhile to see whether or not this model has anything to do with 
the Bohmian quantum theory. We want to introduce the quantum mass field. 
Now we shall show that this field is proportional to the Dirac field. In order 
to see this, two conditions should neccessary meet. Firstly, the correct depen- 
dence of the Dirac field on the trace of energy-momentum tensor and, secondly 
the correct appearance of the quantum force in the geodesic equation. Now 
note that using equations ()167|1 . ()168|) . and ()170|1 we have: 



□/? + ^f3n = + cT(3<Par + 2{cT - QWV,(3 + ^V^(3V^(3 (172) 
This equation can be solved iteratively. Let we rewrite it as: 
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The first and the second order solutions of this equation are: 



= ^ (174) 
- ^ - 1 + . . . ) (175) 



To derive the geodesic equation we use the relation (jl69|) . Assuming that 
matter consist of dust with the energy-momentum tensor and multiplying 
equation p69|) by u^, we have: 

^^u" = hg^"" - u''u'')V,p (176) 
y 

Comparison of equations ()175j) and (|17f)j) with equations ((Zj) and pTjl shows 
that we have the correct equations of motions of Bohmian quantum theory, 
provided we identify: 

p — >M (177) 
SttT 



7^ 

1 



(178) 

> a (179) 



cT(/)„(/)° - 7^/6 

This shows that we have succesfully geometrized Boh-mian quantum mechan- 
ics. The (3 field is in fact the Bohmian quantum mass field, and the quantum 
coupling constant a which depends on h is also a field. In fact it is highly re- 
lated to geometrical properties of the space-time through the above relation. 
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Since a gauge transformation can transform a general space-time depen- 
dent Dirac field to a constant one, and vice-versa, it can be shown that quan- 
tum effects and the lenght scale of the space-time are closely related. To see 
this suppose we are in a gauge in which Dirac field is a constant. By applying 
a gauge transformation one can change it to a general space-time dependent 
function. 

(3 = (3o^f3 = f3{x) = /3o exp(-S(x)) (180) 
This gauge transformation is defined as: 

^ + (181) 

So, the gauge in which the quantum mass is constant (and thus the quantum 
force is zero) and the gauge in which the quantum mass is space-time depen- 
dent are related to each other via a scale change. In other words, 0^ in the two 
gauges differ by — V^(/3//?o). Since (p^ is a part of Weyl geometry, and Dirac 
field represents the quantum mass, one concludes that the quantum effects 
are geometrized. One can see this fact also by referring to the equation (|167|1 
which shows that c/)^ is not independent of (3, so the Weyl vector is determined 
by quantum mass, and thus this geometrical aspect of the manifold is related 
to the quantum effects. In this way, the physical meaning of auxiliary Dirac 
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field is clarified, as while as a suitable model for geometrization of quantum 
mechanics is introduced. 

7.3 Application to cosmology 

Most of physicists believe in a non-zero cosmological constant because of two 
important reasons. It helps us to make the theoretical results to agree with ob- 
servations. Morever some topics, like large scale structure of the universe, dark 
matter, inflation, can be explored using it. On the other hand from astronomi- 
cal observations, especially gravitational lensing, cosmological constant should 
be very small. (|A| < The fact that the cosmological constant is 

small produces some difficulties. How explain theoretically this value of the 
cosmological constant? (This question also applies to the gravitation coupling 
constant.) Morever the cosmological constant is a measure of vaccum energy 
density. This includes some contribution from scalar fields, bare cosmological 
constant, quantum effect, and so on. But observed cosmological constant is 
more smaller than (120 order of magnitude less than) each one of the above 
contributions. This is the so-called cosmological constant puzzle (see j^ZI and 
its references). Till now many mechanisms are presented to solve the problem. 
One way to solve the problem is to give dynamical characters to gravi- 
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tational and cosmological constants in such a way that they decrease as the 
universe expands. Some works are done in [2H1 and In the former, a 

mechanism is presented using the WDW equation, while the latter, focuses on 
the breaking the conformal invariance. Two scales, cosmological and particle 
physics are introduced. And a dynamical conformal factor which relates them 
produces an effective time dependent cosmological constant. 

We also use the conformal invariance, but in the conformal invariant frame- 
work of the present paper. Let's choose a spatially flat Robertson- Walker 
metric: 



where 0(77) is the scale factor, and assuming the universe is filled of a dust, the 
equations of motion of theory presented in the previous section now simplifies 
to: 



(182) 




8vrp 6 /a A /5 ^ 3 (3^ 



, a (/5 + 0/3)2 _ 



2/32 a? 




/? + /50 = 



(184) 





(185) 
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where a dot over any quantity represents derivation with respect to time and 
we have chosen the gauge 

0^ = (0,0, 0,0) (186) 
And the symmetry conditions are: 

^ + 3p(^-0)-p| = O (187) 

16# - = (188) 

Introducing the cosmological time as dt — adrj and simphfying the relations, 
we finally have: 

pa^P"^ — constant (189) 
3^ - ^e// - 87rGe//P = (190) 



a" 



where a ' over any quantity represents derivation with respect to the cosmo- 
logical time and we have deffined: 

a' B' 

The above equations can simply solved resulting in: 

H ~ (194) 
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A, 



~ t 



-2 



(195) 




-4/19 



(196) 



where H is the Hubble constant. As the universe expands these quantities 
decrease in agreement with the above dissension. These constants have a 
small value at the current epoch as the observation suggests. It can be noticed 
that these time dependences are through the quantum mass field (/5 or Ai). 



8 Extension of the results 

In this section we shall look for the possibility of extending the theory in two 
lines. Manipulating many-particle systems and inclusion of spin. 

8.1 Many— particle systems 

Till now our dissension was about geometrization of quantum effects of single 
particle systems. What happens when one deals with a system consisting 
of more than one particle? First the quantum potential for many-particle 
systems in the non-relativistic case is given byjH]: 



The quantum mass field changes with time as t^^ 




(197) 
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Its generalization to the case of particles moving in an arbitrary space-time is 
clearly: 

Q = ^J^\Y.°M (198) 

A difficulty arrises here. This quantum potential is defined in the configuration 
space, i.e. it is a function of xi, X2, ■ ■ ■ xn- Simply putting the exponential of 
the quantum potential as the conformal factor of the space-time metric should 
not work because this makes the metric to live in the configuration space, a 
completely meaningless thing. To solve the problem we can generalize the idea 
in this way. Different particles of the many-particle system does not experience 
the same geometry. The ith particle sees the metric: 

g^,{xi) = exp (g) vL,=., for j^i (199) 

where rj denotes the Bohmian trajectories. In this way one can see that there 
is no problem in geometrization of quantum effects for many-particle systems. 

8.2 Spin 

There are at least two approaches to include spin in de-Broghe-Bohm theory. 

First one can sec the spin as the rotation of the particle around itself^. This 
^This can lead to super luminal angular velocities. 
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approach can easily used here. Only one needs to add the rotational degrees 
of freedom for the motion of the particle. This is surely straightforward. 

The other approach looks at the spin (just like the Copenhagen quantum 
mechanics) as an internal degree of freedom. So the spin is coded in the wave 
function. There is also no difficulty in adopting this approach. To explain this, 
first note that using the Wigner formulation of any spin wave equation |4UH 3tij. 
one has a Dirac-like wave equation for any spin: 

(7''5m)1^/3«.-2. = ^^«..-a,. (200) 

where the Dirac spinor of rank 2s is completely symmetric in its spinor indices. 
For zero mass we also has the condition 'Ja^4'i3a2---a2s = V'ai-- a2s- The velocity 
field compatible with this wave equation is the Dirac current field j^. Now 
one must add the continuity equation which can be seen as an equation for 
defining the ensemble density p, and define the quantum potential in terms of 
it as usual. So the space-time metric is gfj^^, = exp{Q)g^^j. 

9 Conclusion 

We have used an approach which is different from other existing ones, which 
try to combine the gravitational and quantal effects. By the investigation of 
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the quantum effects of matter in the framework of Bohmian mechanics, we 
have shown that the motion of a particle with quantum effects is equivalent to 
its motion in a curved space-time. We have investigated the coupling of purely 
gravitational effects and purely quantal effects of the particle, by considering 
a general background space-time metric. The use of the de-Broglie-Bohm 
quantum theory of motion, instead of the standard Copenhagen quantum me- 
chanics, has at least three advantages. First, that the inherent problems of 
the standard quantum mechanics are not present. Second, that the concep- 
tual problems of the standard quantum gravity like the meaning of the wave- 
function, are circled. Finally, the equivalence of quantum effects of matter and 
a curved space-time, which is our most important result, is achieved through 
this point of view. This leads directly to the minisuperspace of conformal 
degree of freedom, in which, the conformal factor has now a clear physical 
meaning. Other problems like, time- dependence which is necessary to under- 
stand the evolution of the universe, consideration of the back-reaction effects, 
and so on, are also handled in the present theory. An important property of 
this theory is that the conservation laws are the same as those of the classical 
theory. As it is shown, if one apphes this theory to the case of quantum cos- 
mology, it is possible to solve the equations of motion nonperturbatively (i.e. 
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exactly). One sees that there is no singularity at small times (provided one 
assumes that the quantum coupling constant of radiation is negative). It is 
smeared out by the quantum effects. Two remarks are in order here. First, in 
principle, the above model can be applied to the non flat Priedmann universes 
and similar results would emerge. Second, in the present theory, the quantum 
effects are only those of matter. The effect of these quantal behaviours on the 
background space-time is achieved via the modified Einstein equations, i.e. 
via the back-reaction effects. This means that if one removes the matter, the 
quantum effects of the background geometry would disappear. In order to gen- 
eralize the present theory to a fully theory of quantum gravity, the quantum 
effects of gravity must be included. 

As explained before the keystone of Bohm's theory is the quantum potential. 
Any particle is acted upon by a quantum force derived from the quantum 
potential. The quantum potential is itself resulted from some self-field of the 
particle, the wave function. Since the quantum potential is related only to 
the norm of the wave function and because of Horn's postulate asserting that 
the ensemble density of the particle under consideration is given by the square 
of the norm of the wave function, the quantum potential is obtained resulted 
from the ensemble density. The non understandable point of Bohm's theory is 
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just this. How does a particle know about its hypothetical ensemble? When 
the hypothetical ensemble is a real one, i.e. when there are is large number of 
similar particles just like the particle under consideration, quantum potential 
can be understood. It is a kind of interaction between the particles in the real 
ensemble. But when one deals with only one particle the quantum potential 
is interaction with the other hypothetical particles!!! 

On the other hand, quantum potential is highly related to the conformal 
degree of freedom of the space-time metric. In fact, the presence of the quan- 
tum force is just like having a curved space-time which is conformally flat and 
the conformal factor is expressed in terms of the quantum potential. In this 
way one sees that quantum effects are in fact geometric effects. Geometriza- 
tion of the quantum theory can be done successfully, but still, there is the 
problem of the ensemble noted above. 

Here we have shown that if one tries to geometrize the quantum effects in 
a purely metric way, the ensemble problem would be overcome. In addition it 
provides the framework for bringing in the purely quantum gravity effects. 

A point about the geodesic equation must be noted here. In the background 
metric, this equation resembles the geodesic equation in Brans-Dicke theory. 
Consideration of the matter quantum effects, leads to the physical metric 
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in which a particle moves on the geodesic of Branse-Dicke theory written 
in Einstein gauge. This point supports the suggestion that the discussion of 
quantum gravity requires a scalar-tensor theory. Previously this was suggested 
when discussing Bohmian quantum gravity |¥T] . 

Next it is shown that it is possible to write a scalar-tensor theory which 
automatically leads to the correct equations of motion. This has the advantage 
that the conformal factor would be fixed by the equations of motion, and 
not by introducing a lagrangian multiplier by hand. We see that the matter 
distribution determines the local curvature of the space-time (in confirmity 
with Mach's principle). Furthermore, from the matter equation of motion one 
can see that the cosmological constant (a large scale structure constant) and 
the quantum potential^ are coupled together. This is another manifestation 
of the Mach's principle. 

Also we have constructed a scalar-tensor theory with two scalar fields, for 
which the equations of motion lead to the correct form of quantum potential. 
We have not only shown that quantum effects are geometrical in nature, but 

also derive the form of quantum potential. This specific form for quantum 

^In Bohmian quantum mechanics, observable effects of quantum potential may appear 

at both large and small scales, depending on the shape of the ensemble density[3]- 
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potential is a result of the equations of motion. 

It must be noted that in this theory both the scalar fields interact with 
the cosmological constant. Hence, the presence of the cosmological constant 
(even very small) is essential in order the theory works. Note that the inter- 
action between the cosmological constant and quantum potential represents a 
connection between the large and small scale structures. 

We presented a toy model, and investigated its solutions. Also it is shown 
that the initial singularity is removed by quantum effects. 

Finally we saw that one can formulate a generalized equivalence principle 
which states that gravitation can be removed locally via an appropriate coor- 
dinate transformation, while quantum force can be removed either locally or 
globally via an appropriate scale transformation. So the natural framework 
of quantum and gravity is Weyl geometry. The most simplest Weyl invariant 
action functional is written out. It surprisingly leads to the correct Bohm's 
equations of motion. When it applied to cosmology it leads to time decreas- 
ing cosmological and gravitational constants. A phenomena which is good for 
describing their small values. 
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